In this paper, we investigate the quasilinear elliptic equations involving multiple critical Sobolev-Hardy terms with Dirichlet boundary conditions on bounded smooth domains Ω ⊂ R N (N ≥ 3), and prove the multiplicity of positive solutions by employing Ekeland's variational principle and the maximum principle.
Introduction
In this paper, we consider the following quasilinear elliptic problem: (1) is a critical point of J (u) . But the appearance of multiple Sobolev-Hardy terms in (1) makes it difficult to investigate the existence of positive solutions for problem (1) .
Recall that the functional J(u) satisfies the (PS) c condition if every (PS) c sequence for J(u) has a convergent subsequence, and a sequence {u n } ⊂ W Elliptic equations with critical growth terms have received wide attention in recent years. In a pioneering work, Pohozaev [18] considered the following elliptic problem:
where Ω is a star-shaped domain with respect to the origin, and obtained that there is no nontrivial solution. However, lower order terms can reverse this situation. Indeed, Brezis and Nirenberg [1] proved the existence of positive solutions for the nonlinear elliptic problem involving the critical Sobolev exponent
Generalizations of this result can be found in [6] , and for multiplicity results for elliptic equations with critical exponents see [7] . As for the elliptic problems involving Hardy terms, Jannelli [13] proved the existence of solutions. This problem was also discussed in [2, 3, 8, 9] . The following quasilinear elliptic problems with a singular Hardy term and a critical Sobolev-Hardy term:
have been investigated in recent years, where K(x) is a continuous nonnegative function and g(x, u) is a subcritical perturbation. Kang [14] proved the existence of solutions for problem (2) with K(x) = 1 and g(x, u) = |u| q-2 u |x| t where p ≤ t < p * (s) by using variational methods and the results crucially depend on the parameters p, q, t, λ, and μ. In [17] , Liang consider problem (2) with K(x) = 1 and derived the existence of infinitely many small solutions by using the concentration compactness principle and a symmetric mountain pass theorem. Concerning problems with multiple nonlinearities, there has been little research up to now. Here we mention Gao [5] who studied the elliptic problem with combined critical Sobolev-Hardy terms on smooth bounded domain and obtained some existence results by investigating the limit behavior of the PS sequence for the corresponding energy functional. Li [15] has established the complete asymptotic description for any PS sequence {u n } of the associational energy functional and then proved the existence of nontrivial solutions under different assumptions. As for problems involving multiple critical SobolevHardy terms, we refer to articles [12, 16] . This paper is devoted to the study of the multiplicity of positive solutions for problem (1) when a, b, s, λ, μ satisfy suitable conditions by using variational methods and some ideas from [11, 12] .
Problem (1) is related to Sobolev-Hardy inequality
When t = p, p * (t) = p, the well-known Hardy inequality holds:
p is the best Hardy constant.
In the space W 1,p 0 (Ω), we employ the following norm if μ < μ:
Due to Hardy inequality, it is equivalent to the usual norm ( Ω |∇u| p dx) 
where β is a constant. Set
Therefore we conclude that
μ,a and
Now we give our main result: 
This paper is organized as follows. In Sect. 2, we narrate some useful preliminary knowledge and some properties of Nehari manifolds. In Sect. 3, the multiplicity of positive weak solutions is verified.
Throughout this paper, various positive constants will be denoted by c, and dx in integrals will be omitted for convenience.
Preliminary knowledge and main results
Since the functional J(u) is not bounded from below on W 1,p 0 (Ω), we will work on a Nehari manifold. For λ > 0, we define
We recall that any nonzero solution of (1) belongs to N λ . Moreover, by definition, we have that u ∈ N λ if and only if
Lemma 2.1 The functional J(u) is coercive and bounded from below on N λ .
Proof For u ∈ N λ , we have
Set R 0 be a positive constant such that Ω ⊂ B(0; R 0 ), where
,
is the volume of the unit ball in R N , we have
Thus combining with (4), we get that
Since 0 ≤ b, s < p and 1 ≤ q < p, J(u) is coercive and bounded below on N λ .
Note that φ λ is of class C 1 with
Furthermore, if u ∈ N λ , then from (3) and (6), we have
and
Now we split N λ into three sets:
The following result shows that minimizers on N λ are the usual critical points for J(u).
Lemma 2.2 Suppose that u 0 is a local minimizer of J(u) on N λ and u
Proof It is easy to see that there exists a neighborhood U of u 0 in W
Furthermore, by the Lagrange Multipliers Theorem, there exists ρ ∈ R such that J (u 0 ) = ρφ λ (u 0 ). Then, since u 0 ∈ N λ , we get
Motivated by the above result, we will get conditions for
Proof We argue by contradiction. Suppose that there exists a λ
Again by using (7), Hölder and Sobolev-Hardy inequalities, we have
. Now we distinguish two cases:
It is easy to calculate that
Combining with (11), we conclude that
As in Case 1, one obtains that 
Proof The proof is similar to that of Lemma 2.7 in [11] , and we omit it here.
From Lemma 2.3 we obtain that N λ = N Then from (7), we have
Therefore for u ∈ N + λ , we get
. Therefore, from the definition of α λ and α
Thus from the Sobolev-Hardy inequality, we get
It is easy to calculate that for all
From (5) and (12), we obtain
Case 2.
It is easy to calculate that for all
With (5), we deduce that 
3 Proof of the main result
Proof The proof is similar to that of Proposition 3.3 in [11] , and we omit it here. Now we use the Ekeland's variational principle [4] to get the following results.
Proof By Lemma 3.1(i), there exists a minimizing sequence {u n } ⊂ N λ such that
Since J(u) is coercive on N λ , we obtain that {u n } is bounded in W 
From (13) and (14), it is easy to see that u λ is a solution of (1). Furthermore, from u n ∈ N λ and (4), we deduce that
Let n → ∞ in (15) . Then from (13)- (14) and since α λ < 0 by Lemma 2.5(i), we get
Thus u λ = 0. Since J (u λ ) = 0, it follows that u λ ∈ N λ and, in particular,
Next, we will show, up to a subsequence, that u n → u λ strongly in W 1,p 0 (Ω) and J(u λ ) = α λ . From the fact u n , u λ ∈ N λ , (4) and Fatou's Lemma, it follows that 
. By Lemma 2.4, we get that
which is a contradiction. Since J(u λ ) = J(|u λ |) and |u λ | ∈ N + λ , by Lemma 2.2, we may assume that u λ is a nontrivial nonnegative solution of (1) . From the strong maximum principle [19] , it follows that u λ > 0 in Ω. Finally, by (9), Hölder and Sobolev-Hardy inequalities, we obtain
which implies that u λ μ → 0 as λ → 0 + .
Next we will establish the existence of the second positive solution of (1) by proving that J(u) satisfies the (PS) α λ condition. Proof The proof is similar to that of Corollary 4.3 in [15] , and the details are omitted.
has radially symmetric ground states
where U p,μ (x) = U p,μ (|x|) is the unique radial solution for problem (16) satisfying 
Remark 2 By direct calculation, we deduce that τ min =
N-p p
is the only minimum point of f (τ ). Furthermore, f (τ ) < 0 for 0 < τ < τ min and f (τ ) > 0 for τ > τ min . Thus, we infer that
Furthermore, by (17) we know that
Then the following holds:
for some ε > 0. Moreover, the functions y ε (x) solve the equation 
In particular, α This is a contradiction. Thus U λ ∈ N -λ . Next, by the same argument as that in Theorem 3.2, we get that u n → U λ strongly in W 
